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BLOCKS FOR GENERAL LINEAR SUPERGROUP GL{m\n) 


FRANTISEK MARKO AND ALEXANDR N. ZUBKOV 


Abstract. We prove the linkage principle and describe blocks of the general 
linear supergroups GL(m\n) over the ground field K of characteristic p ^ 2. 


Introduction 

One of the important problems in representation theory is to describe simple 
objects with nontrivial extensions. For algebraic groups, a necessary condition for 
the existence of nontrivial extensions of simple modules is given by the linkage 
principle. It was conjectured by Verma in m that the highest weights fx of all 
simple composition factors of the induced module with highest weight A belong 
to the orbit of A under the dot action of the affine Weyl group. In special cases 
this conjecture was proved by Jantzen in m and m- The Verma conjecture and 
the linkage principle in general were proved by Andersen in [T]. Linkage principle 
is essential for the description of blocks. The complete description of blocks for 
semisimple algebraic groups was obtained by Donkin in . More details about the 
linkage principle and blocks of algebraic groups can be found in section II.6. of the 
book [T^ . 

The goal of our paper is to generalize the linkage principle and to describe 
blocks of general linear supergroups G = GL{m\n) over perfect fields K of positive 
characteristic p ^ 2. 

The notions of even and odd linkages of weights of G were first introduced in 
M- Two dominant weights A and p oi G will be called even-linked if they belong 
to the same block of the category of rational Gres = GL{m) x GL(n)-modules. 
Further, A and p will be called simply-odd-linked if there is an odd positive root a 
such that p|(A + p, a) and p, = A ± a, where p and the bilinear form (,) are defined 
in Section[3] The following main result of this article was stated as Conjecture 5.10 
in [13]. 

Theorem 1. Dominant weights A and p of G belong to the same block of G if and 
only if there is a chain of dominant weights A = Aq, Ai,..., At = p such that for 
each i the weights At, At+i are either even-linked or simply-odd-linked. 

Blocks of G, in the case when the characteristic of the ground field is zero, are 
described as follows. First of all, the category of rational G-supermodules can be 
identified with the category of integrable supermodules over its distribution super¬ 
algebra DistiG) (cf. [2], Corollary 3.5). Since, over a field of characteristic zero, 
DistifG) is isomorphic to the universal enveloping superalgebra of Lie superalgebra 
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Lie{G) = gl{m\n) of G (cf. [24], Lemma 3.1), one can work in the category of 
finite-dimensional Lie(G)-supermodules. 

According to an unpublished work of Vera Serganova (see [TH], Theorem 3.7) all 
central blocks of classical Lie superalgebras are indecomposable. Therefore, all cen¬ 
tral blocks of classical Lie superalgebras coincide with regular blocks defined using 
extensions of simple modules. Proposition 3.1 from [18] completes a description 
of blocks (see also [3], Theorem 2.27). This description can be derived also from 
the description of multiplicities of irreducible supermodules in Kac’s supermodules, 
which was given in [Sj. A special case, when the degree of atypicality of a block 
over special linear Lie superalgebra is 1, was considered by Jerome Germoni (see 

i)- 

The article is organized as follows. In the first two sections we prove auxiliary 
results that will be used later to superize some classical results. For example, 
Proposition 12.101 and Proposition 12.121 superize Proposition 1.8.20 of [TU] under an 
additional assumption that the finite supergroup G is infinitesimal. If G, as a 
right i7-superscheme, is split a.s G = W x H and G is infinitesimal, then using 
Remark 12. Ill we can prove a stronger statement that the G-supermodule structure 
of coind^Mln can be lifted to the Gi7'-supermodule structure of coind^V M = 
Dist{GH') ^Dist{H') M for any Lf'-supermodule M. 

In the third section we discuss positive and negative parts of the root system of 
GL{m\n) with respect to different choices of Borel supersubgroups. In the fourth 
section, we superize results from sections 11.3 and 11.9 of nni to obtain statements 
about representations of supersubgroups Gr, GrT and GrB^ of G. The most useful 
results are Proposition 14.91 that superizes Lemma 11.9.2 of [10], and Lemmas 14.101 
14.131 l4T^ that superize Lemmas 2, 3, 4 of [6]. 

The fifth section is devoted to representations of minimal parabolic supersub¬ 
groups. The specific structure of induced supermodules over such supergroups was 
used in m to prove a superanalog of Borel-Bott-Weil theorem over a field of char¬ 
acteristic zero (see also gldiiiii]). 

In the sixth section we use an analogous idea to modify the celebrated proof of 
the strong linkage principle for GrT, given in [6], in a way that also involves odd 
linkage. In the seventh section we describe all blocks over GL{m\n). The necessary 
conditions of Theorem [T] can be derived from the strong linkage principle proved 
in the previous section. The sufficient condition can be proved for even-linked and 
for simply-odd-linked weights separately. The first case has been already proved in 
[I4| . We prove the second case using an interesting trick involving certain GL(m) x 
GL(n)-module morphism (pi on the first floor Fi of the induced supermodule H^{X). 

1. Algebraic supergroups and their representations 

In this section we introduce algebraic supergroups, their basic properties and the 
concept of blocks. Then we formulate suitable results about actions of supergroups 
and their distribution algebras on various objects. 

An algebraic supergroup G is a representable functor from the category of su- 
percommutative superalgebras SAIg^ to the category of groups Gr, i.e. for every 
A S SAIgjf we have G{A) = LfomsAig^ {K[G],A), where K[G\ is a finitely generated 
coordinate superalgebra of G (cf. [25]). 

Let G be an algebraic supergroup defined over a perfect held K of characteristic 
p 2. A Hopf superalgebra structure on K[G] is dehned by the comultiplication 
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Ajf[( 2 ], the antipode sk[G] and the counit eK[G]- A closed supersubgroup H of 
G is uniquely defined by a Hopf superideal Ih such that an element g G G{A) 
belongs to H{A) if and only if g^In) = 0 for A G SAIg^. Therefore, K[H] ~ 
K[G]/Ih- For example, the largest even supersubgroup Gev is defined by the 
Hopf superideal K[G]K[G]i, where K[G]i is the odd component of K[G], and its 
coordinate superalgebra K[Gev\ is K[G]/K[G]K[G]i. Since K[G]/K[G]K[G]i is an 
even Hopf superalgebra, it also represents an algebraic group, that is denoted by 
Gres- 

A group of characters of G, which will be denoted by X{G), consists of all 
group-like elements of K\G]. 

Let G — SMod (and SMod — G, respectively) denote the category of all (not 
necessarily finite-dimensional) rational left (right, respectively) supermodules over 
G considered together with the ungraded homomorphisms between them. The 
category G — SMod coincides with the category of right iL[G]-supercomodules over 
the Hopf superalgebra A'[G], whose morphisms are Ar[G]-comodule morphisms. 
If H G G — SMod, then the corresponding (super)comodule map is denoted by 
Tv '■ V ^ V ® K[G]. An analogous setup is valid for SMod — G (see [25] for 
more details). Both categories G — SMod and SMod — G are not abelian but their 
underlying even categories, consisting of the same objects and even morphisms, are. 
Denote these abelian categories by G — Smod and Smod — G, respectively. 

For a given G-supermodule V let UV denote the G-supermodule that coincides 
with F as a A'[G]-comodule but its superspace structure is defined by (nF)o = 
Vi, (nF)i = Vq. The functor V UV is a self-equivalence of categories G — SMod 
and SMod — G and a self-equivalence of categories G — Smod and Smod — G as well. 
In what follows we shall adhere to Sweedler’s notations, i.e. tv{v) = X ) ® /2 for 
V € V. 

Let K[G]r and pr denote the left G-supermodule structure on K[G] induced by 
the right multiplication, i.e. pr = Symmetrically, let K[G]i and pi denote 

the left G-supermodule structure on A'[G] induced by the left multiplication, i.e. 
Piif) = ® ^^[^(/i), where A^[g](/) = E/i ®/ 2 ,/ S K[G]. Then 

Srig] maps isomorphically K[G]r onto K[G]i. 

Let A be a supergroup on which G acts by supergroup automorphisms on the 
right (cf. |7], §6). This is equivalent to K[X] being a right ATjGj-supercomodule 
such that its (super)comodule map T[x] : K[X\ K[X] ® K[G], given by / >->■ 
^ /(i) ®/( 2 )) is a superalgebra morphism that satisfies the following two identities: 

and 

'^<^KlX]if{l))f{2) = ^K[X]if)- 

Since this action preserves the unit element, one can define a G-supermodule 
structure on the superspace Dist{X) (see [23], Lemma 5.5). Moreover, if we define 
a pairing 

(DistiX) (8> A) X iK[X] (8> A) A 

by the rule 

® a)(/ (g) &) = (—l)l“ll'fl(^(/)a6 

for (j) G Dist{X), f G K[X] and a,b G A, then 

g-{4>® a){f (g 6) = ((/) (g a){g~^{f g b)) 
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for g G G{A). 

Lemma 1.1. For every A G SAIg^^ the group G{A) acts on Dist{X) ® A hy super¬ 
algebra automorphisms. 

Proof. One can define an A-supercoalgebra structure on K[X] O A by 

Ak[x]( 8 )a(/ ® 6 ) = ^ /i ® 1 ® /2 ® 6 and eK[x]®A{f ®b)= eK[x]{f)b. 

Then, for arbitrary elements </>, V” S Dist{X) (g) A and / G K\X] (g) A there is the 
following formula 

where as above, ^K[x]^A{f) = S A ® /s- Using this formula and the identity (P) 
for Tx:[x] one can prove the lemma by straightforward computations. □ 

Let Ad denote the left adjoint action of G on Dist{G), induced by the right 
conjugation action of G on itself (cf. [53], Lemma 5.5). 

Lemma 1.2. For every G -supermodule N we have 

x{(j)n) = {Ad{x)cj)){xn), 
where x G G(A),0 G Dist{G),n G N and A G SAIg^. 

Proof. Using the following formulas 

x{<pn) = ^(-l)l'^l(l’^il+l/ 2 l)„^ 0 x{f 2 )(f{h) 

and 

Ad{x)f>{r) = ^(-l)'^""^^'?5>(/2)a;(/iSG(/3))- 

we derive 

{Ad{x)cl)){xn) = ^(-l)l<^ll"d+l/dl/ 3 l„^ ^ <^(/ 3 )®(/ 2 Sr(/ 4 )/ 5 ) = x{cj)n). 

□ 

Let R and L be supersubgroups of G such that R normalizes L. By Lemma ll.il 
R acts on Dist{L) by superalgebra automorphisms via Adj/j. 

Lemma 1.3. Let V be a R-supermodule and a L-supermodule, and these two struc¬ 
tures be related in such a way that x{<f>v) = {Ad{x)4>)(xv), where x G R.{A),<f> G 
Dist{L),v G V and A G SAIg^^. If L is connected, then for every y G L{A) we have 
x{yv) = {xyx~^){xv), where xyx~^ is computed in G{A). 

Proof. The structure of the i?-supermodule on V (and the L-supermodule on V, 
respectively) is given by the supercomodule map v Vi'S) V 2 (and i—>■ X) '*^( 1 ) ® 
V(^ 2 ) ^ respectively). The first condition of the lemma is equivalent to the identity 

0 a;((v(i))2)A^^(2)) = 

valid for every element (j) G Dist{L). Denote by C the expression 

^(u(i))i 0 a;((4;(i))2) ®U(2) 

and by D the expression 

0 h{{yi)^2))h~^{{yi)(i))h{v2) 0 ('Ci)(3)- 
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If L is connected, then nri>i(if[L]+)" = 0 (cf. [7]). Using {idv®idA®(t>){v®a®f) = 
(_l)l<^'l(l“l+l/l)^ (g) a ( 8 ) ) derive 

C - D £ n^eOistiL) ker(jdv (g) idA 0 (/)) C U (g) ^ (g) n„>i(isr[L]+)"' = 0, 

and therefore C = D. After we apply idy 0 idA 0 V, where y S L(A), we obtain 
the second identity. □ 

There is an equivalence of categories G — SMod cs SMod — G given by U M- 
U°, where V° coincides with U as a superspace and the structure of a left K[G]- 
supercomodule on V° is defined by 

Tv^{v) = 01 ^ 1 , 

provided tv(v) = X ) ® /a for G V. In other words, an element g G G(A) for 
A G SAIg^ acts on V° by (1 0 v)g = 9~^ih) 0 vi for v gV. 

As a special case, we have 

for / G K[G] and p° = Ii^K[G]- As above, Sk[g] maps isomorphically K[G]° onto 
K[G]°. 

Every right G-supermodule V is also a right Dfst(G)-supermodule via v(j) = 
provided tv{v) = J 2 ® vi for v GV. 

For every V G SMod — G and A G SAIg^ one can define the pairing 

(A 0 U) X {A®V*)^ A 

by 

{a®v){b®(j)) i-A (—l)bll^la 6 (n)(/>, 
where a,b G A,v GV and (j) gV*. Then 

{v'){(j)'g) = {v'g-^)(l>', 

for v' G A(S>V,ct>' G A(g> V* and g G G(A). 

If IT is a right T>zst(G)-supermodule, then A 0 IT is a right A 0 Dist{G)- 
supermodule via 

(a ® w){b ® tj}) = (—0 wil}. 

Note that an analogous statement is valid if we replace Dist{G) by any associative 
superalgebra. Then as above, we have 

W){(t>'ij}') = SDi8t{G)i.i’')W, 

where ij)' G A® Dist{G) and SDist{G){b 0 ' 0 ) = b® SDist(G){i’)- The left-hand-side 
counterparts of these statements have been proved in [23] . 

Remark 1.4. IfV is a finite-dimensional left/right G-supermodule, then the nat¬ 
ural isomophism V —>• (U*)* is given by v ^v, where v{4>) = (—l)bl(/)(r;), v GV 
and (j) G V*. 

Let U be a G-supermodule and L be an irreducible G-supermodule. Denote by 
[V : L] the sum of multiplicities of L and IIL in the composition series of V. 

Two irreducible G-supermodules L and L' are linked if and only if there is a 
chain of irreducible G-supermodules L = Lo, Li,..., Lt = L' such that for each 
0 < i t — 1 either ExtQ{Li, Li+i) ^ 0 or ExtQ{Li+i, Li) 7 ^ 0. A block R of G 


6 


FRANTISEK MARKO AND ALEXANDR N. ZUBKOV 


consists of all irreducible G-supermodules that are linked. For all G-supermodules 
V and W and every * > 0 and a,b GZ 2 there is an isomorphism (cf. [25]) 

Extl;{U°^V,U^W) ~ U‘^+^ExtUV,W). 

Therefore every block is invariant under the parity shift functor. 

We say that a supermodule M belongs to the block B if all composition factors 
of M belong to B. Using this definition, we will show that if G-supermodules 
M and N belong to different blocks, then Homc{M,N) = 0. If we assume 
that E[omG{M, N) ^ 0, then either E[omc -Smod {M, N) = HomG{M,N)Q ^ 0 
or HomG-SrnodiBM.N) = IVElomG{M, N)i ^ 0 showing that M and N belong to 
the same block. The analogous statement is clearly valid for right G-supermodules. 

Standard arguments (cf. [TU], II.7.1) show that every G-supermodule N can be 
decomposed as N = (BNb, where the summation is over all blocks B and each 
is the largest G-supersubmodule of N that belongs to B. Since there are 
no morphisms or higher extensions between supermodules belonging to different 
blocks, the category G — SMod is a direct sum of its full subcategories G — SMod^ 
for different blocks B. For example, if two irreducible supermodules L and L' are 
composition factors of an indecomposable supermodule V, then they belong to the 
same block. 


2. Finite supergroups 

A partial case of the MacKay imprimitivity theorem from states the follow¬ 
ing. Let G' be an algebraic supergroup, G be a normal supersubgroup of G', H' 
be a supersubgroup of G' and El = G Ci H'. Then {ind^^ M)\g — ind^M\H as 
G-supermodules. Using this isomorphism, we can lift G-supermodule structure on 
indf^M\ // to a GiL^-supermodule structure. 

In this section, for infinitesimal supergroup G, we lift the G-supermodule struc¬ 
ture on coindfjM\H to a GiL'-supermodule structure in such a way that 

{coind‘§¥ M)\g — coind^Mln 

as G-supermodules. Also, we prove results about duals of induced and coinduced 
supermodules which will be utilized later. 

Let El be an infinitesimal supergroup. It has been shown in |23| that the su¬ 
persubspace /r Bist(ff) Dist{H) = K[El\*, consisting of all right integrals on 
Dist{El), is one-dimensional. It follows from Lemma 5.5 of [53] that if iL is a normal 
supersubgroup of an algebraic supergroup R, then Dist{H) -R"Supersubmodule 
of Dist{R) with respect to the adjoint action of R on Dist{R). Therefore, R acts 
on Dist{H) ^ character Xr € X{R). Analogously, R acts on the superspace of 
left integrals Jj B>ist{H) character xi- 

Remark 2.1. If H is infinitesimal, then Xr = the parities of Ji jjist(H) 

Ir.Dist{H) Ad{h){sDist{H){E)) = sDist(H){Ad{h-^)p) for 

every p G Dist{G), this follows from Remark 2.4 of [23] . 

Lemma 2.2. If H is infinitesimal, then the right H-supermodule {K[H]°)* is iso¬ 
morphic to (8> X; = n“Ar[iL]° where a is the parity of 

Analogously, iK[H]iy - n^K[H]1 ®Xr = ® xT^ ■ 
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Proof. Denote by Int the left action of R on K[R], induced by the right con¬ 
jugation action of R on itself. By Remark 2.4 of [23], there is an isomorphism 
Ill'll > K[H]* = Dist{H) of left iJ-supermodules, given by / I—> u/, where 

^ ^ fi Dist(H) r^scall that u g {K[H]*)^ and (u/)(/') = u(//'). For the sake 
of simplicity, ioi h G H and / G K[H], denote pi{h)f and fp°{h) by hf and fh, 
respectively. Then 

{Ad{h-^)i'){Int{h-^){f)h-^ f) = u(/nt(h“i)(/)h" V'))xr^ (^) = 
u{h-\{fh)f))xr\h) = {hv){{fh)f')xTHh) = u(//i)(/')xr^(^): 
which proves {K[H]°)* ~ ® xi- The proof of the second statement is 

analogous. □ 

Remark 2.3. Let G' be an algebraic supergroup, G be its normal supersubgroup, 
H' be a supersubgroup of G' and H = H' n G. According to Theorem 10.1 of 
[21| . for every H'-supermodule M there is a superspace isomorphism ind^¥ M —>■ 
ind^Mln that naturally induces a GH'-supermodule structure on ind^M\H such 
that its restriction to G induces an isomorphism {ind^^ M)\g —t ind’^Mln of G- 
supermodules. More precisely, one can interpret the G-supermodule ind'f[M\H as 
a G-subfunctor of dJlox{G, Ma) (cf. [2T|, ^8), consisting of all affine superscheme 
morphisms f : G —>■ Na such that f{gh) = h~^f{g) for g G G, h G H. A G-action on 
DJlot{G,Na) is given by gf{g') = iig~^g')- Then the above H'-action on ind'fjM\H 
is defined by {h' * f)(g) = h'f(h'~^gh'). 

Lemma 2.4. Let G' be an algebraic supergroup, G be its normal supersubgroup, 
and H' be a supersubgroup of G'. Then Dist{GH') = Dist{G)Dist{H'). 

Proof. It has been observed in §7 of [24] that GH' is an epimorphic image of the 
supergroup G k H'. By the proof of Proposition 9.1 of [H], there is a superalgebra 
epimorphism Dist(G k H') Dist{GH'). Since Dist{G ik H') = Dist{G) 0 
Dist{H'), the statement follows from results in §4 of [21]. □ 

From now on until the end of this section, we assume that G is an infinitesimal 
supergroup. 

By Lemma 1.3 from [22], G —SMod can be naturally identified with the category 
of left Dist(G)-supermodules £)ist(G)SMod. For example, Dist(G)-supermodule 
coind^M = Dist{G) ®Dist{H) M has a unique structure of a G-supermodule such 
that its induced Dist(G)-supermodule structure coincides with the original one. 
Moreover, for every M,N G G — SMod (or SMod — G, respectively) we have 
HomG{M,N) = HomD,st(G)iM,N). 

Remark 2.5. Let A be an associative (not necessary supercommutative) superalge¬ 
bra. For all (left) A-supermodules M and N the superspace HomA^M, N) is gener¬ 
ated by all linear homogeneous maps (f ■. M ^ N such that (({am) = (— 
for a G A and m G M. We would like to take an opportunity to clarify Lemma 
f.f from [22] and replace the incorrect statement Dist(JL)SMod 
Dist(ii)Smod ^Dist(iL)x!Z 2 Mod. 

The left Dist(G)-supermodule (A'[G]/)* is isomorphic to Dist{G) as a left Dist{G)- 
supermodule and the right Dist(G)-supermodule (Ar[G]°)* is isomorphic to Dist{G) 
as a right Dist(G)-supermodule. Since Theorem 0.1 of [26] and Theorem 5.2(4) of 
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[24] imply that both K[G]i and K[G]° are injective i7-supermodules, Dist{G) is a 
projective left and right Dist(i/)-supermodule. 

Let A and B be (not necessarily finite-dimensional) associative superalgebras. 

Lemma 2.6. For arbitrary left B-supermodule M and right projective B-supermodule 
M' there is a natural superspace isomorphism 

M' M ~ Hom^sMod{HomsModB {M', B), M). 

If M' is also a left A-supermodule, that is M' is an Ax B-superbimodule, then the 
above map is an isomorphism of A-supermodules. 

Proof. The required isomorphism sends m' to the map (j) i—^ (—((m')(/))m 
for (j) G HomswadBi^' 1 ^) (cf- 1-8.16(5), [IH])- This assignment is obviously a 
superspace morphism. Since it commutes with direct sums, to show that it is an 
isomorphism, all we need is to check the case M' = B, which is clear. 

If M' is an ^xB-superbimodule, then HomsModB B) is a Bx A-superbimodule 
via 

{m'){b(j)a) = (-l)l''ll'"'l+l“l(l‘^l+l'"'l) 6 ((aTO')?^') 
for a € A,b G B. The right ^-supermodule structure on HomsModsi ^'j B) in¬ 
duces a natural left ^-supermodule structure on Hom^^sModiHomsiAodB [AI', B), M), 
which is obviously compatible with the A-supermodule structure on M'®bM given 
by our isomorphism. □ 

Corollary 2.7. If we set M' = Dist{G), then we obtain an isomorphism of G- 
supermodules 

coind^M ~ HomH-suod{IIomsuod-H{Dist{G), Dist{H)), M). 

For the remainder of this section assume that G' be an algebraic supergroup, G 
be its normal supersubgroup, H' be a supersubgroup of G' and H = H' CiG. Let 
G' act on J) Bist{G) character a' and denote a = o'Ig- Also, let H' act on 

fr Dist(H) ^ characer x' and denote y = x'\h- Further, denote by a the parity 
of and by b the parity of 

The following proposition superizes Proposition 1.8.17 of nni. 

Proposition 2.8. For every H-supermodule M there is an isomorphism 
coindf^M ~ ind%{J].°''^^M ® a\HX~^)- 

Proof. The superspace V = IIomsMod-H{Dist{G), Dist{H)) is isomorphic to {K[G]°(Si 
Dist{II))^, where an element f ® (j) G K\G] ® Dist{II) acts on Dist{G) as 

f’i.f ®4>) = (-i)''f''0(/)^ 

for '0 G Dist{G). Moreover, HomK{Dist{G),Dist{H)) and K[G]° ® Dist{H)triv 
are isomorphic as right G-supermodules. Symmetrically, HomK{Dist{G), Dist{H)) 
and K[G]triv<8i{K[II]i)* ~ K[G]triv<8iK[II]i are isomorphic as left iL-supermodules. 

Lemma [2.21 implies that Dist{II) ~ ® as right 7L-supermodules. 

Therefore V is isomorphic to 

%ind[WK[G]° ® x~^) - A^{K[G]° (g)g ind{x~^)) = WK[G]° < 8 ) 

where ^ind is a right-hand-side counterpart of the functor ind^. This isomorphism 
is defined as 


/®X ^ ® Sif[G](/2)x \ 
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where sa:[g](/ 2 ) is the image of s^[g](/ 2 ) in K[H]. In particular, V is isomorphic to 
W°-K[G]° as a right G-supermodule, and to W°'K[G]r ( 8 >x as a left iJ-supermodule. 
Consequently, coindf^M is isomorphic to 

{{n‘^{K[G]r O x)* ® M)^ ~ I1‘^{K[G]; ( 8 > O M)^. 

On the other hand, coindf^M as a G-supermodule is isomorphic to {K[G]°)*^Mtriv, 
where G acts on {K[G]°)* via anti-automorphism g i—>■ g~^ for g € G. This together 
with our Lemma and Corollary 2.3 of [53] concludes the argument. □ 

Lemma 2.9. If M is a finite-dimensional H-supermodule, then ind^{M*) is nat¬ 
urally isomorphic to (coind^M)*. 

Proof. Modify the proof of Lemma 1.8.15 of [10] using Proposition 2.1 of [25]. □ 

Proposition 2.10. If M is a H'-supermodule, then the Dist{GH')-supermodule 
structure on Dist{GH')'^jjig^(^fji)M can be lifted to the structure of a GH’-supermodule. 

Proof. There is a structure of a iL'-supermodule on Dist{GII') 0 M given by 

x{4) ®m)= Ad{x)4> ® xm 
for X S H'iA) and A G SAIg^. Because 

x{(j)'ip ® m — 4> ® tpm) = Ad{x)(l)Ad{x)ip 0 xm — Ad{x)4> 0 x{'tpm) = 
Ad{x)(pAd{x)ip 0 xm — Ad{x)4> 0 {Ad{x)if){xm), 
this provides a structure of an iL'-supermodule on P = Dist{GII') ®Dist{H') M. 

We have already observed that a structure of a Hfsf(G)-supermodule lifts to 
a structure of a G-supermodule. Therefore, C is a G-supermodule via lifting of 
its left Disf(G)-supermodule structure. Lemma 11.11 implies x{(j)v) = Ad{x){(j))xv 
for (j) G Dist{G) and v € V. Using this and Lemma 11.31 we infer that U is a 
G IK iL'-supermodule. 

Acceding to Lemma 11.1 of [55] and Lemma 5.5 of [53], Dist{II') acts on V by 
the following rule 

0 m) = 

where A,Dist{H')i.4>) =Y.(t>i ® & Dist{H'). Thus 

0 m) = ® m = (fif ® m. 

Finally, GH' is naturally isomorphic to (G k II')/H, where H is embedded into 
G K H' via the map x >->■ {x,x~^) for x € H. Consequently, Dist{H) is embedded 
into Dist{G k H') ~ Dist{G) 0 Dist[H') via the map ^ ^(/>i 0 sijigt(H){4‘2)- 

Using the above observations and Lemma 9.5 of [53], we see that H < G t< H' acts 
on V trivially and our claim follows. □ 

There is a natural Hlst(G)-supermodule epimorpism 

T : coind^Mln = Dist{G) ^Dist(H) M\h Dist{GH') ®Di8t(H') M. 

If T is an isomorphism, then the G-supermodule structure on coind^Mln can be 
extended to a structure of a GTL'-supermodule. In this case, following m , we 
denote this GiL'-supermodule coind^Mln by coind^V M. 

Untill the end of this section we assume the supermodule M is such that the 
G-supermodule structure on coind^Mln can be lifted to the GiL'-supermodule 
structure as above. 
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Remark 2.11. There is a simple sujficient condition for the natural epimorphism 
T to he an isomorphism. Assume that G contains a closed super sub scheme (not 
necessary supersubgroup) W such that W Ci H = 1 and the multiplication map 
W xH ^ G is an isomorphism of superschemes. Then t is an isomorphism because 
GH' cxW X H' and both Dist(G) and Dist{GH') are free right supermodules over 
Dist{H) and Dist{H'), respectively. More precisely, DistiG) ~ Dist{W,mi) ® 
Dist{H) and Dist{GH') ~ Dist{W, mi) ^ Dist{H'). 

Proposition 2.12. Assume M satisfies the above assumption. Then 

coind^V'M ~ 

Additionally, if M is finite-dimensional, then 

(ind^^V'M)* - ind^V'n^+^M* <S)a'\H'x'- 

Proof. For V G H' — SMod, the action of H' on coind'^V\H is given by the rule 

x{(j) ( 8 ) m) = Ad{x)(j) 8 ) xm 

for X G H'{A),cj) £ Dist{G) and m G V. We need to check that this action 
commutes with the isomorphism 

coind^V\H — ind^Il°'~^'^V 8) a\HX~^ — ind'^V ® a'\H''x!~^■ 

We can use the isomorphism from Corollary 12.71 to extend the action of H' on 
coind^M to iJ'-action on HomH-SMod{HomsMod-H{Dist{G), Dist{H)), M) by 

{xiP){tt) = x{lf{TTx)), {(j)){TTx) = Ad{x~^){{Ad{x)(j)){TT)), 

where 

V' G HomH-SModiHomsMod-H{Dist{G),Dist{H)),M), 

TT G HomsMod-H{Dist{G), Dist{H)), and (j) G Dist{G). 

Therefore H' acts on HomK{Dist{G), Dist{H)) ~ K[G] 8 ) Dist{H) as (/ 8 ) p)x = 
Int{x~^)f 8 ) Ad{x~^)p for / G K[G] and p. G Dist{H). This action obviously 
commutes with the right R-action and preserves the H x G-superbimodule structure 
oi HomK{Dist{G),Dist{H)). Thus 

Homsuod-H{Dist{G),Di.st{H)) ~ \MK[G] 8)x“\ 

where H' acts on K\G] by fx = Int{x~^)f. Arguing as in Proposition 12.81 we infer 
that the iJ'-action on 

coind%M ~ {K[G]r ® M ® Oi\HX~^)^ 

is induced by Int on K[G], and on the remaining tensor factors it is induced by the 
action on M 8 a'\H'X'~^- Remark 12.31 concludes the proof of the hrst statement of 
the Lemma. 

If M is a finite-dimensional il'-supermodule, then a generalization of Lemma 
12.91 gives a natural isomorphism 

coind'fiV M* ~ (ind’^V M)*, 


showing that the second statement follows from the first one. 


□ 
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3. Borel supersubgroups and root systems 


Let G = GL{m\n). The coordinate superalgebra K[G] is generated by the 
matrix coefhcients Cij for 1 <iG <m + n such that its parity |cy | = 0 if and only 
if 1 < i,j < m or m + 1 < i,j < m -\- n, and by the element D where D = 
det(Cloo) det(Clii), t^oo — and Cw — Recall that 

^K[G]i.Cii) = HiKk^m+n Cik®Ckj and eK[G\{cij) = Sij. Denote the supersubalgebra 
of K[G] generated by all elements by A{m\n). Then K[G] = A{m\n)D- 

Let Ber denote the group-like element det(Coo — CoiCf^^Cio) det(C'ii)“^, where 
f^oi ~ {Gj)i<i<m, 7 n+i<j<m+n and Giq = The element 

Ber is a character of GL{m\n) which is called Berezinian. If H is an algebraic 
supergroup and R is a iL-supermodule, then any supermodule structure on V is 
uniquely defined by a supergroup morphism f : H ^ GL{V) = GL(m\n) where 
m = dimVb,n = dim Vi. The character Ber o f oi H will be denoted by Ber{f). 

We fix the standard maximal torus T such that T{A) consists of all diagonal 
matrices from G{A) for A € SAIg^ and identify X{T) with the additive group 
In particular, every A S X{T) has the form X]i<i<m+n '^*^0 where 


Ci (t) — iiA — 


( 

0 . 

. 0 

\ 

0 

t2 

. 0 




. 0 


V 0 

0 . 

■ 

/ 


e T{A), 


A € SAIgjf and every Xi is an integer. For a character A € X{T) as above we denote 

Sl<i<m+ri f’Y 1^1’ 

The bilinear form on W(T)(g)zQ is defined by {ei,ej) = (—, where \ei\ = 0 
if 1 < i < m and je^l = lifm-|-l<f<m-|-n. If we denote e' = (—I)l'^‘lei, then 

The root system of G is defined as $ = {e^ — ej|I < * ^ j < m -I- n}. Let Sk 
denote the symmetric group on the elements {1,..., fc}. For a given w € Sm+n we 
have the decomposition <i> = $+ IJ where <!>+ = {e^i — etuj|l <i<j <m + n} 
is the w-positive part of <I> and <1>“ = — <1*^ = {e^i — Ciujll <i>j<'m + n} is the 
w-negative part of <i>. 

The simple roots of <&+ form a subset 


— {ci? — e^i 11 ^ ^ ^ “t“ n}■ 

The set $+ defines a partial order <„, on the weight lattice X{T) by p, <„ A if 
^ ~ A € X]ae$+ N+a = N-i-Ci- 

Denote the parity \ei \ + \ej\ = \eij \ of the root a = ei — ej by p{a). The coroot 
= (cj — ejY equals e' — e'. For any a £ <& one can define a reflection Sq, such 
that Sa{X) = A — (A, a'^)a. It is easy to see that if a = e; — ej, then Sa corresponds 
to the transposition of the f-th and j-th entries and therefore Sa will be identihed 
with {ij) of Sm+n- If p(ck) = 0 we call Sa an even reflection, otherwise it is called 
an odd reflection. All reflections generate the group Sm+n and the even reflections 
generate the Weyl subgroup Sm x Sn Q Sm+n- 

Denote by Dm,n the set of representatives of Sm x 5„/ Sm+n-cosets that have the 
minimal length. According to [2] or [10], 11.1.5(4), Dm,n consists of all w G Sm+n 
such that 




<w ^(to) and w ^ (m-I-1) < ... < w ^{m + n ). 
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Then every w G Sm+n has a unique decomposition w = wqwi, where wo G Sm x Sn 
and wi G Dm,n- We call this the regular decomposition of w. 

Let po{w) denote ^ EaG 3 >+,p(a)=o denote i Eae<[-+.p(a)=i “ p de¬ 

note pq{w) — pi{w). The elements po(l)j Pi(l) and p(l), respectively will be denoted 
just by poi Pi and p, respectively. 

The Borel supersubgroup 5+ corresponding to $+ is the stabilizer of the full 
flag 

ViCV2C...CV,C...C Vm+n = 

where Vi = X]i<s<z for 1 < i < m -|- n. Symmetrically, the opposite Borel 

supersubgroup B~ corresponding to is the stabilizer of the full flag 

Wl C W 2 C . . . C IT. C . . . C Wm+n = V, 

where Wi = Em+n-z+l<s<m+n fOT 1 < i < TTl + U. 

The unipotent radicals of 5+ and B ~, respectively are denoted by C/+ and U ~, 
respectively. We denote by Gr the r-th Frobenius kernel of G. The r-th Frobenius 
kernels of the Borel subsupergroups and their unipotent radicals are denoted by 
Br,w^ U^w and B-^, U~^, respectively. 

From now on, we will omit w = 1 from all of the subscripts; for example, we will 
write 5+ and < instead of B^ and <i. Denote by F+ (and V~ , respectively) the 
supersubgroup of U~^ (and U~, respectively) consisting of all matrices defined by 
equations Cij = Sij for 1 < z, j < m and to -|- 1 < z, j < m -I- n. 


4. Representations of GrB ^ and GrT 


In this section we discuss representation theory of Frobenius thickenings of cer¬ 
tain supersubgroups of G. We derive results for compositions factors and formal 
characters of induced and coinduced supermodules. 

Fix a positive integer r. For arbitrary X G X(T) and a € Z 2 we define 

^r,w(^ ) = Zr^w{X ) = COind = DistiGr) ®_Dist(B+„) ^ 




-Zr,j«(A“) = coind^^^^Kl = DistifirT) 

^r.j«(A“) = coind^’f'^= Dist{GrB^) ®Bist{B+) ^x- 


Lemma 4.1. There are superscheme isomorphisms 


X B^ ~ GrB ^, X Bi^ ~ Gj-B ^, 

^ ^r,w^ — GrT, C/^ u, X B^JT ~ GrT 

and 

^ ^r,w — Grj Ur^yj X Bi^y, ~ Gr 

induced by the multiplication map. 


Proof. By Remark 12.111 it is enough to show that the last pair of morphisms are 
isomorphisms. Using arguments of Remark 5.10 of [53] and the proof of Lemma 
3.1 of [53] we establish that for any supergroup from the list {U^yy, B^yy,Gr} its 

superalgebra of distributions has a basis n|/i|=o n|/i|=i where elements fi 

form a basis of its Lie superalgebra and their exponents satisfy 0 < < p*" — 1 and 

0 < Si < 1. The superalgebra multiplication induces a superspace isomorphism 

Dist{Uf-yf) ® Dist{B^yf) Dist{Gr), 
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and the corresponding morphism K[Gr] —S' K[U^^] 0 K[B^,J is also an isomor¬ 
phism. Since it is dual to the multiplication map x —>• Gr, the last map 

is an isomorphism (compare with Lemma 14.2 from |21)1. □ 

Lemma 4.2. For every A € X{T) and a € Z 2 , the soele of Z[. ^{X^) and the top of 
Zr,w{X) are irredueible supermodules in GrB~-5Mod or GrBf^-SMod, correspond¬ 
ingly. 

Analogous statements hold for GrT-supermodules Z'^ Zr^w{X) and for Gr- 

supermodules .Z'^(A“), Zr,ui(A“). Moreover, in these cases the soele of the first 
supermodule and top of the second supermodule are isomorphic to each other. 

Proof. Combining our Lemma |4 .1 1 with Lemma 8.2 and Remark 8.3 of |21| . we infer 
that Z'~ Kf (g) R'[17+^], where 17+^ acts trivially on Kf and T acts 

on by conjugations. Thus Z'cs Kf as a T-supermodule, hence 

the socle of Z',„(A“) is simple. Symmetrically, Zr^w{X) ~ Dist{U~^) ® Kf as 
a i?“„,T-supermodule, where C/“^ acts trivially on Kf and T acts on Dist{U~^) 
by conjugations. Thus ^r,iu(A“)y-^ = Zr^w{X)/Dist{U~^)^Zr^w{X) ~ Kf. Ac¬ 
cording to [22], §4 the functor M Mjj- is right exact, and therefore the top of 
Zr,w{X) is simple. 

Analogous arguments work for the induced/coinduced Gr-T-supermodules and 
induced/coinduced G^-supermodules as well. Let L' denote the socle of Z'(A“) and 
let L denote the top of Zr^w{X). Then ~ xf as a T-supermodule. The 

(co)Frobenius reciprocity law implies 

iJomG.T(2r,^(A“),T') - Hom^+^{Kl,L') - K, 
hence L L'. Similar arguments work in the case of G,.-supermodules. □ 


Denote by TJ, ,„(A“) the socle of Z',„(A“) and by Tr.i«(A“) the top of Zr,w{X). 
Similarly, denote by Cr,w{X) the socle of Z'j„(A“) (or the top of Zr^w{X)) and by 
Lr,w{X) the socle of Z'_^(A“) (or the top oi Zr,w{X)). 


Remark 4.3. Let M be a supermodule from the list 


{<^(A“), Z,.^(A“), Z;^(A“), Z,,^(A“), Z;^(A“), Z,.^(A“)}. 


The proof of Lemma \4-.2\ shows that if 0, then p, <„, A. The same statement 

is valid for the simple supermodules T(. j„(A“), Tr,u)(A“), £r,u;(A“), Tj.^u,(A“) that are 
composition factors of such supermodules M. 


Let H be an algebraic supergroup and M be an iL-supermodule. We call M 
cogenerated by an element m G M if the socle of M is irreducible and generated by 
m. Without loss of generality one can always assume that m is homogeneous. 

If H is connected, then by Lemma 9.4 of [24] and Proposition 3.4 of [7], for any 
m £ M a, supersubmodule generated by m coincides with Dist{H)m. 

Lemma 4.4. Let GrB~-supermodule M be cogenerated by a Bf,„T-primitive ele¬ 
ment u of weight A such that M satisfies the condition ^ 0 implies p <w A. 
Then it can be embedded into Z'.^,(AI“I). 

Symmetrically, if GrBf^-supermodule N is generated by a B~JT-primitive ele¬ 
ment V of weight A, then it is an epimorphic image of Zr^w{^^^^)- 
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Proof. The proof can be modified from Lemma 9.1 of [22]. □ 

As a result of Lemma 14.41 we will say that Z'^(A“) is a couniversal object in 
Gri3“-SMod and Zr,u,(A“) is a universal object in GrB^-SMod. The same ar¬ 
guments as in Lemma l44l show that Z'_^(A“) and Zr,^(A“) are couniversal and 
universal objects in GrT-SMod, respectively and Z'and Z^^u,(A“) are couni¬ 
versal and universal objects in G,.-SMod. 


Lemma 4.5. Every irreducible GrB~-supermodule is isomorphic to a unique su¬ 
permodule LJ,^(A“), and every irreducible GrBff-supermodule is isomorphic to a 
unique supermodule Lr,u)(A“). Additionally, every irreducible GrT-supermodule is 
isomorphic to a unique supermodule OLnd every irreducible Gr-supermodule 

is isomorphic to a unique supermodule 

Proof. Let L be an irreducible Gr.i?“-supermodule. Then L is (co)generated by 
arbitrary element v G \ 0, and therefore L = Dist{GrB~)v = Dist{B~)v. If 

V has a weight A, then ^ 0 implies pi <u, A. Using Lemma 14.41 we conclude that 
L ~ j„(AI'"I). The proof of the remaining cases is similar. □ 


According to [22], §7, the category G-SMod has a self-duality M in¬ 

duced by the supertransposition. 


Lemma 4.6. The functor M —)• induces an equivalence Gr.i3^-SMod ~ 

GrBf^-SMod and self-dualities of the categories G,.r-SMod and G^-SMod such that 


z;^(A“)<‘> ~ ~ Zr, un- 


Asa consequence, there are natural isomorphisms 

l;,„(a“)<‘> ~ L,,^(A“), - nun, 


Lr.^(A“)<*> ~ Lr,un- 


Proof. All statements follow by (co)universality of the corresponding supermodules 
and by Lemma 5.4 of |2S]. □ 


Combining our Lemmas 14.II and 14.61 with Theorem 10.1 of |2I] we obtain 

uunur ^ znn), nunur ^ z^nn, 

U.unn ^ znn, nunn ^ Zr,un- 

Moreover, modifying the proof of Lemma 9.2 of [22] one can show that 
SOCg,^^,^(A“) = SOCg^tK.wU) = ^°<^GrBZ,Zrnn 

and 

^^dQ,.Zj.yjU ) = Zj.yjU ) = rad^^^+.y,(A ). 

For s G {r, 1} denote by xUU) Xr^s('*^)i respectively the characters corre¬ 
sponding to the actions of the supergroup B~ on Dist(B^ ) supergroup 

n on UoistiBU)’ respectively. 

The following lemma generalizes Proposition 11.3.4 of m- 

Lemma 4.7. The character x“j.(w) equals —2((p’’ — l)po(re) -I- pi{w)) and the 
character xt.rU) ^Quals 2{{p^ — 1)pq(w) -\- pi{w)). 
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Proof. For every t & T we have 

= 2(-po(w) +Pi(w))(t), det((Ad(i)|^.^(^-))ii) = -2pi{w){t) 


and 


= 2 (poH - pi{w)){t), det((Ad(t)|^.^( 5 +))ii) = 2pi{w){t). 


The application of Proposition 5.11 of 
concludes the proof. 


which is also valid for left integrals, 

□ 


Remark 4.8. By Proposition 5.1 o/[23] both superspaces Is Dist(B+ ) 

have the same parity mn (mod 2). Denote this parity by \mn\. 

The following proposition superizes Lemma II.9.2 of [TO] . 


Proposition 4.9. For every A G X(T) there are the isomorphisms 

A-2((p'--1)po(j«)+pi(j«)) 

cs nl-"l(4^(2((p’- - l)po(«;) + Px(w)) - \r 


and 

z',M) - 

ni™-i(i;^(2((p’' - i)po(ii;) + pi(«;)) - A)*. 

Also, ch{Zr,M)) = ch(^(.„(A)) = nae<I.+ .p(a )=0 naG3-+.p(a) = l(l+e““), 

Zr,w{^+P^p) — Zr^wWZip^p and Z',„(A+p’’/r) ~ Z(,„,(A )for all p S X{T). 

Proof. To prove the first isomorphism, combine our Proposition 12.121 and our Re¬ 
mark |4^ with Proposition 5.II and Lemma 6.1 of [23]. Then Lemma 14.61 implies 
the second isomorphism. The statement about characters follows from our Lemma 
ED and Lemma 8.2 and Remark 8.3 from m- Finally, the last isomorphisms are 
trivial consequence of the tensor identity (cf. [TU], Lemma 11.9.2(4, 5)). □ 


Let w = wqWi be the regular decomposition of w. Then |2T], §7 implies poiw) = 
p{wo) = wopo and pi{w) = wopi{wi). 

Lemma 4.10. For every w € Sm+n, the formal characters of supermodules Zr{\) 
and Zr,w{^ + {p^ — 1)(po(r') “ Po) + {pii.w) — pi)) coincide. 

Proof. For a G Z 2 denote by (4 >+)q the set {a G $+ | p{a) = a}. Since 
4>„ = 4>+U-$+= (4>+), U-($i)„ 

for each a G Z 2 , we can use ProDOsition l4.9l to modify the proof from [10], 11.9.3. □ 


Remark 4.11. Lemma \4. 1 0\ remains valid for the supermodules of types Z', Z, Z', Z 
and Z' as well. 


Remark 4.12. For every A G X{T), the term e^ is the largest monomial of the 
formal character ch(/lr.ui(A)) with respect to the partial order <.^ 1 - In particular, all 
such characters are linearly independent. Therefore if cU{M) = ^ aAch(£r,iu(A)), 
then the non-negative integers a\ are uniquely defined by a GrT-supermodule Mand 
they coincide with multiplicities [M : /lr_u,(A)]. 

Denote by A < w; > the weight A -I- (p’' — l)(po('R') — Po) + (piiw) — Pi)- 
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Lemma 4.13. Let{A,H) be one of the pairs {Z,GrT),{Z',GrT), {Z,Gr) or{Z',Gr)- 
Then for every w, w' S Sm+n there is an isomorphism 

HomH{Ar^w{^ < U! >), Ar^w'i^ < w' >)) ~ K. 

Proof. Since ch(Ar,uj(A < w >)) = ch(^r,iu'(A < w' >)), one can modify the proof 
of Lemma 3 of [5] using Remark 5.3 of [53], applied to an arbitrary □ 

Let w denote the longest element in Sm+n- 

Lemma 4.14. There is an isomorphism Z’^ < zZi >) ~ Conse¬ 

quently, jCr(X) is isomorphic (up to a parity shift) to the top of the supermodule 
<w>). 

Proof. Since = B^,pq{w) = —po and pi{w) = —pi, it implies 

^ ~ —2((p'’ —l)po+Pi) ■ 

We finish the proof by applying the first isomorphism from Proposition 14.91 re¬ 
stricted on GrT. □ 

5. Minimal parabolic supersubgroups and adjacent Borel 

SUPERSUBGROUPS 

For every subset S C IIu, one can define a parabolic supersubgroup (S) in the 
following way. If S' = {ciij,... then PwiS) is equal to the stabilizer of the 

flag 

where ji < ... < jm+n-r-i is a listing of elements of the set {1 ,..., m -|- n — 1} \ 
{m-\-n — ii,... ,m-\-n — ir}. For example, if S = {ai}, then Pw(,cx.i) is the stabalizer 
of the flag 

Wi C . . . C Wm+n-i-l C Wm+n-i+1 C . . . C Wm+n- 
Denote by Si the supersubspace Kvyji RrWu,(i+i) and set Hi ^j = Staba{Si) fl 
i+iStabc{Kvyjj)). It is clear that Hi^y, ~ GL{2) xT' whenever is even; and 
if ai is odd then Hi^^j — GL{\\1) x T', where T'{A) = {t G T(A)|t| 5 ; 0 i = ids^^i} 
for every A G SAIg^. 

Let UPyj{ai) be the largest supersubgroup of U~ whose elements act trivially 
on Wm+n-i+i/Wm+n-i-i- It follows froiu Lemma 11.1 of [ 21 ] that Pw{ai) = 
UPuj{ai)xHi^nj- Moreover, for every positive integer r, the supersubgroup Pr,w[oii)T 
can be decomposed as UPr,w{cti) x {Hi^w)rT. 

Remark 5.1. It cXi is odd, then {Hi^w)rT = Hi^wT. 

Two Borel supergroups B~ and B~, are adjacent via at G 11^, if 4’^, = $+ \ 
}U{ —ai}. If ai is odd, then B^ and B^, are called odd adjacent, if ai is even, 
they are called even adjacent. It is clear that UPw{ai) < B~ and B~, < Pmia). 
Moreover, 

B- = UPUa,) X {B- X T') and Bjf, = UP^{a,) x (S+ x T'), 

where B~ and 6 + are the corresponding Borel supersubgroups of GL{\\1) or of 
GL{2), depending on the parity of at (cf. [H], §11). Analogously, we have 

= UPr,w{ai) X [Bf X Tf), Bf^, = UPr,w{ai) x (P+ x T)), 

= UPr,w{ai) X [BfT) and = UPr,w{ai) x (P+T). 
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To simplify our notations we will omit the subindices WjW' and i. For example, 
B~ and B~, are denoted just by B and B' correspondingly, Pw{ai) by P{a) etc. 
Let denote the socle of K'^ for A G X{T) and a G Z 2 . Since 

P{a)rT ~ X BrT, where is the unipotent radical of the arguments 
analogous to those in the proof of Lemma [4.21 show that is irreducible. 


Proposition 5.2. The following statements are valid. 

(1) UP{a)r acts trivially on ind^f^^"’"Kf. 

(2) If a is odd, then ind^^^''"^= Lp^^^j(A“) if and only if p /(A, a). More¬ 
over, in this case there is a unique (up to a scalar multiple) isomorphism 


: ind 


:P{a)rT ^a+1 
B'T ^X-a 


ind 


Pia)rT 

BrT 


Kl 


(3) 


If a is odd andp\{X,a), then ind 


P(a)rT 

Br-T 


Kf has a composition series 


4(a) 

I 

and ind^)^'^'^Kf has a composition series 




In addition, there is a unique (up to a scalar multiple) non-zero homomor¬ 
phism 


9a 


: ind 


P{a)r.T 

B',.T 


K 


X—a. 


—>■ ind 


P{a)r.T 

Br-T 


K 


a 

X 


(4) 


such that its kernel and cokernel are both isomorphic to Lp^^^^((A — 

If a is even, then there is an unique (up to a scalar multiple) homomorphism 


Qa ■ J^x-(p’'-l)a ^ ^™BrT 

such that the image of ga is Lp^^^j(A“). 

(5) If a is even and Lp^^^^(/i^) is a composition factor of ind^^'''^Kf, where 
b denotes the parity of the highest weight vector, then p, is {a, r)-linked to 
A in the sense of [B]. Here the linkage is with respect to B^.^ = (i?u)o)eD oTid 
the corresponding Pq{w) = pq{wq) is the half sum of positive roots of Bf,y. 


Proof. To prove the first three statements one can use our Remark 15.11 to mod¬ 
ify the proofs of Proposition 11.5 and Proposition 12.2(1) of [H]. To prove the 
last two statements we use Lemma 10.4 and Corollary 10.2 of m to show that 
indg ^‘)^^^~ ind^'^^Kf\^, where T =T r\B. Then we refer to Lemma 1 and to 
the proof of Proposition 1 (see the penultimate paragraph on page 138) of [6]. □ 
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6 . Strong linkage principle for GrT 

As an intermediate step towards proving the linkage principle for G, we establish 
a corresponding result for the Frobenius thickening GrT. 

Let us start with the observation that Remark |4. 121 combined with Lemma [4. 101 
implies that, for every w € Sm+m is a composition factor of if and 

only if it is a composition factor of Z' ^(A < w >). 

Fix an ordering Oi,..., amn of all odd roots from 4)+ such that ai < aj implies 
i < j. According to [2], §4, the longest element wi of Dm,n can be written as 
■ ■ ■ Sqi ■ Analogously, we fix an ordering of the even roots j3i,..., Pn, 
where N = , from Then iZiq can be written as ■ ■ - sp^. 

Set 1/0 = 1, 1 /j = Sai .. .Sai for 1 < i < mn, and yj = sp^_^^ . ..sp^ymn for 
mn < j < mn + N. Then, for every 1 < i < m, B~. is odd adjacent to via 

ay, and for every mn < j < mn + N, B~. is even adjacent to B~^_^ via Pj-mn- 

Lemma 6.1. For 1 < i < mn + N there is a unique (up to a sealar multiple) 
homomorphism ft : Z(y.{X < i/i >) —>■ Z(y.__^{X < yi-i >) constructed as follows. 
Let P denote Pr^yi_^[ai) or Pr^y^_^{Pi-mn), respectively provided i < mn ormn < i, 
respectively. Then fi is given as follows. 

(1) If 1 < i < mn and p /(A + p, ai), then fi = ind^^(^ga^ is an (even or odd) 
isomorphism. 

(2) If I < i < mn and p|(A + p,ai), then fi = ind^^^ga^ is an (even or odd) 
homomorphism such that its kernel and cokernel are isomorphic (up to a 
parity shift) to ind'^’')^Lp\(X — ai) < yi-i >). 

(3) If i > mn, then fi = ind^(pgp^_^„. 

Proof. First observe that X < yi >= X < yi-i > —ai = (A — ai) < yi-i > for 
1 < 1 < mn and X < yi >= X < yi-i > —{p^ — I)Pi-mn for mn + 1 < i < mn + N. 
Assume i < mn. Since belongs to Proposition 1.28 of [3] implies 

(A < yi-i >, tti) = (A + p - p(i/i-i), ai) = (A + p, ai) (mod p). 

Therefore p|(A < yi-i >,ai) if and only ifp|(A + p, a^). 

Combine Theorem 10.1 of [2T] and Theorem 0.1 of [23] to obtain that GrT/PrT oe 
GrjPr are affine superschemes. Therefore, the functor ind^^p is faithfully exact 
by Theorem 5.2 of [23], and all statements follow by Proposition [521 D 

The next proposition inspired by the work of Doty describes a single step of the 
strong linkage for GrT. 

Proposition 6 . 2 . Assume that Cr{p) (orllCrip)) is a composition factor of Z((X). 
If p ^ X, then either there is X' < X such that Lr{p) is a composition factor of 
Z'(A') and X' is (a,r)-linked to X, where a € $+ and p(a) = 0, or Cr{p) is a 
composition factor of Z({X — a), where a € p{a) = 1 and p|(A + p, a). 

Proof. By Lemma [4.141 £r{p) is a composition factor of Z(^(A < w >). Set 
/ = fmn+N ■ fmn+N -1 ' ■ ■ ■' /i■ If / 7 ^ 0, then by LemmalUTlIthe image of / equals 
^^(A), the socle of Zr{X). Since p 7 ^ A, there is a positive integer i such that Cr{p) 
is a composition factor of ker fi . 

Hi < mn, then by Lemma [6dT 2L p divides (A + p, ai) and Cr{p) is a composition 
factor of 


ind^lpL^p\{X - Oj) < y^-i >) C Z( ,^._^((A - ai) < y^-i >) 
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where P = Py._j^{ai). Therefore Remarks 14.111 and 14.121 imply that £r{fi) is a 
composition factor of -Z'(A — Oi). 

If i > mn, then we can use Proposition I5.2I' 4. 5) and Lemma IG.lf Si to modify 
the proof of Proposition 1 from [^. □ 

The strong linkage principle for Gj-T now follows easily. 

Theorem 6.3. If Cr(p) (or IVCr{pL)) is a composition factor o/Z'(A) and la ^ X, 
then there is a sequence A = Aq, Ai,..., At = such that for each 1 < i < t either 
\i = Ai_i - Ui, where at G ^^,p{ai) = 1 and p|(Ai_i + p, at), or Xi < Xi-i and At 
is {ai,r)-linked with Ai_i, where ai G and p{ai) = 0. 

Proof. By Proposition [621 there is Ai such that Ai < A and Cr{p) is a composition 
factor of Z'(Ai). Then either A is (a,r)-linked with Ai for an even positive root a, 
or Ai = A — a for an odd positive root a such that p \(A + p, a). Repeating the same 
arguments for Ai we will find A 2 etc. Since p < ... < A 2 < Ai < A and the interval 
{tt I p < TT < A} is finite, the theorem follows. □ 

Remark 6.4. The statement of T/ieoreTTi ESI remains true if we replace Z({X) by 
Zr{X). 


7. Blocks over GL{m\n) 

Recall from [25] that every irreducible G-supermodule L is uniquely defined by 
its highest weight A and by the parity a of a primitive vector v of weight A; that is 
L = L(A“), where a G Z 2 . We have already observed that 

ExtULiX-),L{p^)) n‘^+^ExtUHX), Lip)), 

where 11 is a parity shift functor, which implies that blocks of simple G-supermodules 
correspond uniquely to equivalence classes of dominant weights XiT)~^, that we will 
also call blocks. Therefore, instead of working with blocks of simple supermodules 
one can work with blocks of dominant weights. The block containing a dominant 
weight A will be denoted by i?(A). 

We start with a simple technical result. 

Lemma 7.1. If r < r', then the GrT-supermodule Zr(X) is naturally embedded 
into Zr'iX)\GrT- Moreover, a superspace lim2r(A) has a natural structure of the 

DistiG)-supermodule such that 

ImZr(A) ~ M(A) = DistiG) ®Dist{B+) Kx. 

Proof. Apply the arguments from the proof of Lemma 14.11 □ 

Let Xr{T)~^ denote the set 

{A G X{T) I 0 < Ai — Ai+i < p’’ — 1 for 1 < i < m -\- n,i ^ m}. 

It is clear that Aj.(T)+ C A(T)+ and for every dominant weight A G X(T)+ there 
is a positive integer r such that A G Ar'(T)+ for all r' > r. Moreover, [53], §7 and 
[13], §4 imply that L(A)|g, = L^(A) and L(A)|g,t = £r{X). 

The following proposition captures the essence of the linkage for G. 
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Proposition 7.2. If L{^) (or is a composition factor of the Weyl super¬ 

module P(A), then there is a positive integer r and a sequence A = Ao, Ai,..., At = /i 
such that for each 1 < i < t either At = Ai_i — at, where cXi G $''",p(ai) = 1 and 
p|(At-i + p,at), or At < At-i and At is {ai,r)-linked with At-i, where ai G and 
p(at) = 0. 

Proof. By Lemma 4.1 (iii) of [2], P(A) = M{X)/N for an appropriate supermodule 
N. Using Lemma 17.11 there is a sufficiently large positive integer r such that 
X,HG Xr{T)~^ and U(A) ~ Zr{X)/{Zr{X) H N). The claim then follows using 
Remark 16.41 □ 

Remark 7.3. Weights At from Proposition \ 7. 2\ are not necessarily dominant. 

The blocks in the category of Gres = GL{m) x GL(n)-modules can be described 
as follows. 

Let A be a (not necessarily dominant) weight. Define the defect of A as a pair 
d{X) = (d+(A) I c?_(A)), where 

d+(A) = max{d > 0 | (A + po, (ci — = 0 (mod p‘^) for 1 < i < j < m}, 

d-{X) = maxjd > 0 | (A + po, (ci — = 0 (mod p'^) for m + 1 < i < j < m + n}. 

Denote by Bev{X) that block in the category of Gres = GL{m) x GL(n)-modules 
which contains A G X{T)~^. Denote 

pd{x)+{Mi)z<^ = -ej) + ^ - ej) 

and the dot action W = Sm x 5^ on X(T) as w.fi = w{pL + po) — Po- K follows from 
[lO], 11.7.2(3) that R™(A) = (lU.A + n X(T)+. 

We call dominant weights A and p even-linked if Bev{X) = Bev{p)- From the 
above description it follows that the defects of even-linked weights coincide. 

Next, we will derive a few simple results to rectify the deficiency in Proposition 
o and show that we can replace weights Xt by dominant weights. 

Let A be a (not necessarily dominant) weight. A companion of A is any dominant 
weight p such that d(p) = d{X) and 

lU.A-kp‘^^^)+(^I^^Z4> = lU.p-f 
If A is dominant, then A and p are obviously even-linked. 

Lemma 7.4. Any weight X has a companion. 

Proof Set uJi = J2i<k<i Cfc for 1 < i < m and ujj = J2m-i-i<k<j ior m -\-1 < j < 
m -\- n. Then 

E (Ai Ai^-i)cUi -t- Xm^m T ^ ^ (Aj Aj^-i)cUj -t- Xm+n^va+Ti' 

l<i<m m-t-l<j<m-t-n 

If A is not dominant, then there is i < to or j < to -|- n such that Xi — A^+i < 0 or 
Xj — Aj+i < 0. Let A be the maximal number of all absolute values of such negative 
differences. Choose a positive integer t such that t > d±{X) and p* > A and denote 
by 7r+ and Em+i<j<m+n‘(’j by 7r_. 

Then the required companion of A is 

p = A-|-p*7r+ -|-p*7r_ -p*|7r+|em -p*|7r-km-l-n- 


□ 
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Corollary 7.5. Any companion of p, from ly.A + is even-linked with 

any companion of X. In particular, d{p) = d{X). 

Proof. Construct a companion p' of p as in Lemma 17.41 such that t is bigger than 
d±(A). Then p' e hT.A + = W.X' + p^W+iMAz^, where A' is a 

companion of A. □ 

Following [6], for a given weight A and a positive even root a we define a lower 
p®-reflection i?Q,e as Sa,ap‘, where (A + po,ci'^) = ap® + s and 0 < s < p®. Since Sa,m 
acts on X{T) by the rule Sa,m{p) = Sa.p-\-nia,m £ Z, we obtain Ra^e{X) = X — sa. 

Lemma 7.6. A companion of Ra^e{X) is even-linked with a companion of X. 

Proof. Assume hrst that a = Ci — Cj, where 1 < i < j < rn. 

If A = Ra,e{X), then the statement is trivial. Otherwise, s > 0 and since 
(A + po,a'^) = 0 (mod p‘^+^^'>), we also have e > d+(A). Thus i?a,e(A) £ W.X + 
p^(^)+(i|i)Z$ and Corollary 17.51 concludes the proof. 

The case a = ti — Cj, where TO + l<i<j<TO + nis analogous. □ 

The weights A and p are called simply-odd-linked if there is a positive odd root 
a such that p = X it a and p|(A + p, a). If a = Ci — ej, then 

(A + p, Q;) = Ai + Xj + 2ni + 1 — i — j 

and A and A — a are simply-odd-linked provided 

Xi -h Xj -I- 2m -hi—i— j = 0 (mod p). 

Lemma 7.7. Assume that X and p are simply-odd-linked. Then there is a com¬ 
panion X' of X such that p\{X' -h p, a) and X' — a is a companion of p. 

Proof. Using the same trick as in Lemma 17.41 one can find an element tt £ p*l‘Z<i) 
such that A' = A -|- TT is a companion of A and p-|-7r = A' — aisa companion of 

p. □ 

Now we are ready to prove the linkage principle for GL{m\n). 

Proposition 7.8. If dominant weights X and p are linked, then there is a chain of 
dominant weights X = Xq, Xi,..., Xs = p such that for each 1 < i < s — 1 either Xi 
and Ai+i are even-linked or Xt and A^+i are simply-odd-linked. 

Proof. By our Proposition 17.21 and Definition 1 from [6] , there is a chain A = 
Ao,Ai,...,As = p such that either Xi and A^+i are simply-odd-linked or one of 
these two weights is obtained from the other one by the action of the reflection 
Ra.e- Using Lemma |7.61 and Lemma 1 7. 71 we can replace all members of the above 
chain by their companions and the claim follows. □ 

Let Ri denote an equivalence on X{T)'^ such that A ~ p if and only if A and 
p can be connected by a chain from Proposition 17.81 Proposition 17.81 implies that 
each block B{X) is contained in the equivalence class w (A) of A. 

Lemma 5.3 of m states that if dominant weights A and p are even-linked, then 
they belong to the same block of G. Therefore to prove that the equivalence class 
of ~ (A) is contained in the block B{X), we only need to show that if A and p are 
odd-linked, then they belong to the same block. The rest of the paper is devoted 
to proving this statement. 
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If the weights A and jj, are simply-odd-linked, the either X = ^ — a belongs to 
or /r = A — a belongs to H^{X). We will assume the latter since the former 
case is analogous. 

The Geu-structure of the induced supermodule H^{X) has been studied in [14]. 
The main tool there was the identification of H'^{X) with 0 A(y) for a suitable 
supermodule Y (see §1.2 of [S]). The Ge^-module i^°(A) is a direct sum of floors 
Fk = ® A'=(r) for fc = 0,... , mn. There is a Gei,-morphism (jji : Fi ^ Fi (see 

§3.5 of [2]) such that its image is spanned by {w)ijD for 1 < i < m < j <m + n, 
where w € i7g^(A) and ijF are odd superderivation corresponding to elements of 
F)ist(V~^). 

Lemma 7.9. The image (j>i{Fi) of the map (j)i is {Fo)o fl Fi. 

Proof. Since the image (f)i{Fi) is the span of all elements {w)ijD, where w G Fq 
and l<i<m<j<m + n, itis clear that 4>i{Fi) C {Fo)g H Fi. 

For the opposite inclusion, use the Poincare-Birkhoff-Witt theorem and order 
the elements of the distribution algebra Dist{G) by listing elements from DistiV'^) 
first, followed by elements of Dist{Gev) and finally by elements of Dist{V~). Ev¬ 
ery superderivation from DistiV'^) annihilates each element from Fq and every 
superderivation from Dist{Gev) sends elements from Fq to itself. If we apply one 
superderivation from Dist{V~) to an element of Fq, the image lies in (j)i{Fi). If 
we apply more than one superderivation from Dist{V~) to an element of Fq, the 
image lies in the higher floors Fk for fc > 1. Therefore the opposite inclusion 
{Fo)g n El C (/)i(Ei) is also valid. □ 

Lemma 7.10. Assume that the simple module Ley{fi) is a composition factor of 
the module Fi/Imcfi. Then the simple supermodule L{p,) is a composition factor 
o/{Fo,Fi)GCiF°(A). 

Proof. If Lgy{p,) is a composition factor of the module Ei/Jm^i, then there is a 
filtration 

Qq = Im(f)i C Qi C Q2 C Qs = Fl 
such that Q 2 IQ 1 = Levipd). 

If we denote by Ri the supermodule {Fq, Qi)G for z = 0,... 3, then using Lemma 
III we obtain the corresponding filtration of supermodules 

i?o = {Fq)g C i?i C i?2 C i?3 = {Fq,Fi)g- 

Use the Poincare-Birkhoff-Witt theorem and order elements of Dist{G) in such 
a way that we elements from Dist{Gev) come first, followed by elements from 
Dist{V~^) and finally by elements from Dist{V~). We will show that RiHFi = Qi 
for each . If we apply any superderivation from Dist{Gev) to an element from Qi, 
the image stays in Qi since Qi is an Ge.g-module. Application of a superderivation 
from Dist{V'^) to an element of Qi C Fi gives an element in Fq. Finally, it follows 
from the definition of the map (fi that when we apply a superderivation from 
Dist{V~) to an element from Fq we end up in Imcfi = Qq C Qi. The image of a 
compositions of superderivations from Dist{V~) to an element from Qi will lie in 
higher floors of Fk for fc > 1. Therefore RiPiFi = Qi. 

Consequently, 

Ro = {Fo)g C C i?2 C {Fo,Fi)g. 
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Since the superfactormodule i ?2 /Ri is generated by the highest vector of weight /r 
and {R 2 /R 1 ) n Fi = Lev{f^), we infer that R 2 /R 1 contains the supermodule L{fi) 
as a composition factor and the claim follows. □ 

If a = Ci — Cj is an odd root, then A — a is dominant implies that Xi > A^+i 
provided 1 < z < m and Xi > 0 ii i = m, and Xj > Aj+i provided m + l<j<m + n. 

Lemma 3.1 of [14] implies that the Geu-module Fi has a good filtration, in 
which factors are the modules H^y{X —13), where /3 is a positive odd root, and each 
dominant weight A —/? appears with single multiplicity. Therefore all Ge^-primitive 
vectors in Fi are scalar multiples of primitive elements vp of weight X — f3, where 
vp for /3 = Cfe — e; was denoted by ttm in [11] • 

The last piece of the puzzle is revealed in the following theorem. 

Theorem 7.11. Assume weights X, fi are dominant, fi = A — a, where a is a 
positive odd root and X is simply-odd-linked to ll. Then Lifi) is a composition 
factor of HO (X). 

Proof. Since fi is dominant, according to [14] . there is a Geii-primitive element 
Va & H°{X) of weight fi which belongs to Fi. 

Denote the kernel of (fi by Ki, its image by Ii and its cokernel by Gi. Denote 
by [M] the element of the Grotendieck group corresponding to the Gei,-module M. 
Since [Fi] = [Ki] + [/i], and [Fi] = [Ji] + [Gi], we obtain that [Ki] = [Gij; hence 
the Ge,;-composition factors (and their multiplicities) of Gi are identical to those 
of Fi. 

By Lemma 3.6 of [H], (fiiva) = (A + p, a)va = 0. Since Va is a nonzero element 
of Ki, the module Lev{fi) is a composition factor of Ki, and hence of Gi. By 
Lemma [7.101 L{fi) is a composition factor of {Fq,Fi)g, hence that of iL°(A). □ 

We have proved our main theorem. 

Theorem 7.12. Every block B(X) coincides with the equivalence class ~ (A). 

Since the linkage principle for general linear supergroups is now established, the 
next natural problem we intent to consider in the future is the linkage principle for 
orthosymplectic supergroups over the ground field of positive characteristic p ^ 2. 
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